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ABSTRACT: The spanning-tree approximation of the cascade theory is applied to the calculation of the number of
elastically active network chains (EANCs) and elastically inactive cycles in the random cross-linking of linear pri-
mary chains of “most probable” distribution. A system of kinetic equations was developed to include terms to de-
scribe intermolecular cross-linking, plus intramolecular reaction in the sol and in the gel, together with the elastic
reactivation of inactive cycles in the gel, as a function of cross-linking density. Computations show that by suitably
rescaling the data to the gel point, the concentration of EANCs is effectively independent of cyclization up to appre-

ciable degrees of cross-linking.

The contributions to a recent Discussion on Rubber Elas-
ticity22 show that the statistical mechanics underlying the
phenomenology are still beset by major perplexities. Even
when we are certain that we are measuring true equilibrium
moduli, their comparison with theory raises various contro-
versial questions.2? The major ones center on: (1) the front
factor in the equation of state; (2) the Gaussian approximation
of the configurational statistics of network chains; (3) network
flaws such as (a) loose material and chain ends; (b) cycles
{(loops) which waste cross-links, and the possible effect of
thermodynamic volume exclusion on cyclization;? (c) entan-
glements of chains {an individual entanglement may lower the
modulus but on average entanglements increase the modulus
(Edwards?)); and (4) the origin of the C5 term in the equation
of state.

The present work is concerned with the effects of cycles (see
3b), and it arose from recent attempts to estimate their effect
theoretically. Our wider aim is to draw attention to the neglect
in the field of rubber theory of strategies well tried in other
fields of physical science. Several disturbances which indi-
vidually contribute modest or second-order effects to a simple
first-approximation theory may combine to render application
of the simple theory hazardous and its refinements impossi-
ble.

The way forward is usually by experimental procedures
which allow individual disturbances to be canceled out of the
analysis by “superposition” procedures, the construction of
master curves, etc. A general methodology seeks to identify
the critical point associated with the phenomenon and to re-
duce physical properties to quantities, often dimensionless,
relative to their critical values. Corresponding-state
theories,?® or the WLF transform,” are examples from poly-
mer science. Indeed, the familiar ratio® (r2)/(r¢2) (with (r¢2)
the dimensions in the reference state) in the modern form of
the elastic equation of state cancels out configurational
changes in Gaussian chains. For the statistics of network
graphs, the relevant critical point is Flory’s gel point, and
conversion parameters reduced relative to their critical values
have been used by a number of investigators. This reduction
is known to be specially fruitful at very low conversions (near
the gel point), as will be illustrated below.

Analogous procedures are used in other branches of physics
which employ the same lattice graph model (the so-called
percolation model®10), giving different but appropriate in-
terpretations to its statistical parameters. The analogies have
been well set out by Stauffer!! in tabular form.

1 Affectionately dedicated to Dr. Maurice Huggins for his eightieth birth-
day.
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It has been repeatedly emphasized!?-14 that the distur-
bances numbered above as (2) and (3c) theoretically vanish
asymptotically at sufficiently low conversion past the gel
point. Besides, such rubbery materials are highly diluted by
their sol fractions, so that the C5 term would also be asymp-
totically eliminated. To exploit these benefits, more exacting
experimental techniques are required because of the real
problems involved in making equilibrium measurements, and
it is essential to generalize the common method for calculating
the concentration N, of active network chains. The generali-
zation to a graph-theoretically more refined definition of the
concentration is due to Scanlan'® and independently to Case.1®
It extends the cruder procedures, based on the notion of the
mean molecular weight M, between cross-links and a chain-
end correction, to situations covering all networks, including
homopolycondensates, and later to networks obtained by an
alternating mechanism involving more than one type of
unit.!”18 Equally important, it extends the older procedures
into the low conversion range close to the gel point. The
Scanlan-Case definition of an elastically active network chain
(EANC) renders the earlier procedures obsolete because it is
a generalization; it reduces asymptotically to the values based
on M., where this procedure is defined, at conversions as high
as several times the critical value, which is the range of con-
version usually studied. Unfortunately, in this range the dis-
turbances (2), (3b), (3¢), and (4) introduce complications.

Several investigators have questioned the importance of the
Scanlan—-Case method because they verified the asymptotic
convergence to the older and more familiar theory within the
ranges of relatively high conversions which they were studying,
e.g., Treloar,2b Allen,!? and Helfand and Tonelli.20 The latter
authors nevertheless are aware of the importance of this model
at low conversions. At high conversions the more direct cal-
culation, using M. and the (correct form of) chain-end cor-
rection, is then quite in order as a mathematically justified
approximation to the better theory. However, in the recent
Discussion, Flory?! criticized the Scanlan—Case concept on
theoretical grounds. The objections which Flory raised in the
Discussion would apply most strongly at high “conversion”,
where his own procedure, which he cites, is mathematically
equivalent. The merit of the Scanlan-Case formulation is
exemplified by its power to generalize into a single and simple
equation (eq 31 of ref 12), classical formulas (including those
of Flory) covering various kinds of systems by six different
teams.?2 Because of misunderstandings, the basic theory was
restated in simple terms in another lecture!? published after
the discussion.?®

The calculation of the concentration N, of EANCs is, then,
by implication universally based on the statistics of a treelike
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model derived from the real network graph by treating ring
closures as intermolecular links. Experimental tests amply
justify such a treatment to a tolerable approximation. Tonelli
and Helfand? argued that a better approximation to N, was
required in respect of certain loops which actually waste
cross-links “before any properties of a rubber are seriously
discussed”. A second-approximation treatment for calculating
all statistical parameters (including N,) is already available.
It is a perturbation treatment, based on spanning trees, but
injecting the notion of Gaussian statistics for the rate of
elastically inactive ring closures.?4-26 This perturbation model
has been specifically denoted as ““the spanning-tree approxi-
mation” for ring-chain competition processes,?’ and it is now
briefly described.

In the presence of formation of elastically inactive cycles,
two kinds of correlations affect the statistics of formations of
links which cannot be treated exactly: (a) long-range config-
urational effects (in three-dimensional space) are approxi-
mated by some model like the Gaussian chain, and (b) the
statistics of paths through the (one-dimensional) network,
available for closure into cycles by formation of elastically
inactive links, The latter situation is approximated by re-
placing the network by a spanning tree, i.e., a graph free from
cycles, comprising the same set of points (atoms), and just
enough lines (bonds) to link them into a single infinite
branched molecule. After this restriction of the network to a
tree, there is a unique path between any two atoms. The single
statistical approximation involved in this stratagem is to
equate the generating functions for the number of offspring
(successor units) on successive generations from the first one
upwards, so that F; = Fy = F3 =, , . Now F is exactly calcu-
lable from (but not equal to) the link-probability generating
function Fy of the zeroth generation; viz.,

F1(6) = Fo'(6)/Fo'(1)

where 8 is the auxiliary variable of the generating functions.
The relation F; = Fy = F;. .. is exact asymptotically as the
concentration of cycles formed falls to zero. The whole ap-
proximation treatment has been tested by computer calcu-
lation against the exact treatment of a bifunctional (non-
gelling)2® system and against experiments27.29.3% and an ex-
cellent agreement was achieved. The spanning-tree approxi-
mation also gave results agreeing closely with exact calcula-
tions for the early stage of a potentially gelling polyfunctional
system,3! and it is believed that it represents the best available
model for approximating ring-chain competition processes.

While the present authors and their co-workers have found
the spanning-tree approximation very appropriate for treating
ring-chain competition,324-28.30-33 gther workers seem to ig-
nore it even where it would clearly solve their problems.34 In
case this reflects distrust of the underlying model, we note here
that, in a special but representative case, the model reduces
to one constructed by Neyman®® in 1940 and now classical in
pure and applied3® statistics.

Up to the gel point the definition of cyclization is quite
simple: a newly formed bond is considered intramolecular if
its formation does not result in an increase in molecular
weight. This happens if the two reacting functionalities are
already connected via a sequence of chemical bonds. Beyond
the gel point the above definition of cyclization becomes in-
adequate although it can still be applied to the sol, but within
the gel all gel-gel reactions would have to be considered in-
tramolecular. Instead we are interested only in such intra-
molecular bonds that cannot be elastically active and cannot
contribute to the equilibrium elastic modulus of the gel. Such
a point of view on post-gel cyclization has been developed
historically and was made clear recently.37

In this paper, we shall apply the spanning-tree approxi-
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mation to the calculation of wastage of links formed. In order
to include cyclization with the other sources of wastage
(treated exhaustively earlier33), we use the spanning-tree
approximation. An intramolecular link is wasted unless it
closes a cycle which includes an active network junction point
(as defined by Scanlan). An active junction point is a point in
the spanning tree from which at least three totally indepen-
dent paths can be traced along the tree to the surface of the
specimen. In the statistical calculation, the surface of the
specimen is taken to lie at infinity. A chain is an active network
chain if it links two active junction points, but does not har-
bour active junction points along its length. The requirement
of total independence of the three paths from an active junc-
tion point to infinity will be relaxed only for the purpose of a
small correction later (Appendix A2, part 3).

The intensity of formation of elastically inactive cycles in
random cross-linking of primary chains was dealt with by
Helfand and Tonelli.!9:23 They weighted the probability of
closing an x-membered ring by the probability that none of
the x — 1 segments bear a cross-link with an infinite contin-
uation. As in other treatments (cf. ref 24-26, 38, and 39)
Gaussian chain statistics was used for the ring-closure prob-
ability although corrections were used for small cycles.?0.23

The original treatment?? was criticized4 (a) for the use of
wrong cross-linking statistics and (b) for making no distinction
between the cyclization probability within a free chain and
an EANC where the chain ends are constrained by cross-
links.

Objection (a) was partly corrected in the second paper!® by
using a modified Flory’s expression for the fraction of “sterile”
cross-links in the whole system. However, the use of an overall
fraction of sterile cross-links as a weighting factor is incorrect,
because one cannot find any elastically active cross-link in the
sol or in the loose material tied to the gel. The importance of
the objection (b) has been examined in the present work
(Appendix A1): it has been found that the constraints imposed
on chain ends by cross-links do decrease the cyclization
probability but not as much as was expected.

Another serious objection is to be raised additionally.
Cross-linking of primary chains is a kinetically controlled ir-
reversible reaction and should be treated accordingly. What
Helfand and Tonelli calculate refers only to differential
fractions (increments) of wasted cross-links or EANCs formed
at a given level of cross-linking. One should rather find the
integral fractions solving the corresponding set of differential
equations. It is easy to see that such a neglect would cause a
serious error in treating stepwise reactions (where the dif-
ferential fraction of ring-forming functionalities is zero at the
start)26:30-32 or in chain polymerisation.33 In their reply to the
criticism*® mentioned above, Helfand and Tonelli4! suggest
that just such a kinetic approach based upon earlier work3?
could be used in place of their equilibrium approach. Turning
to our spanning-tree model calculations, we have kept distinct
the formation of cyclic links in the sol and in the gel. The
transfer of certain links from the active to the inactive account
introduced by Helfand and Tonelli is also incorporated in our
calculation, as it should be, according to the definition of link
wastage just given. A link in the gel may be wasted at the
moment it is formed, because it closes a cycle devoid of active
junction points. At a later stage (see Figure 1), formation of
other links may cause the same pair of units to change its
status, viz., when that cycle acquires an active junction point.
In that case the link originally wasted should be transferred
to the active account. Of course, such a correction factor can
be made only on a statistical basis.

Our model is well structured for the strategy of canceling
disturbances outlined in the introductory section; a suitable
rescaling of data should render the concentration of EANCs
independent of cyclization at least within experimental error.
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a b

Figure 1. Activation of a cycle. An arrow denotes a path to infinity
through the gel; (O) ring-closing functionality. (a) An wC functionality
on the ring reacting with another wC functionality bearing two in-
dependent paths to infinity. (b} The cycle has become activated
(pendant repeat units have been deleted for clarity).

Other effects may then become accessible to experimental test.
For example, Helfand and Tonellil? “speculated that the
elastically ineffective portion of the polymer acts like a diluent
in decreasing . . . deviations from ideal elastic behavior”, while
Langley and Polmanteer,*? among others, have stressed the
importance of entanglements, and support their arguments
by measurements of the sol fraction from y-irradiated poly-
(dimethylsiloxane).

We have restricted ourselves in the numerical calculations
to a system, very representative of practical applications, with
the most probable (random) distribution of primary chains,
and to Gaussian cyclization probability although a modifi-
cation for short chains would be quite easy.

The Treelike Model for Cross-Linking of the Most
Probable Distribution of Primary Chains

The most probable distribution of linear chains can be
generated from bifunctional units (repeat units). If the chance
of finding a functionality to form a bond is p, then the prob-
ability generating function (pgf) for the number of bonds
issuing from the root (Fo(8)) and from units in the first and
higher generations (F1(6)) is (cf. ref 43)

Fo(8) = (1 = p + pb)* 6Y)
Fi6)=1-p +pb (2

which yield by standard procedures** the well known formulas
for the number (P,%) and weight (P,°) average degree of po-
lymerization:

Po=1/1-p) (3)
P0=(1+p)/(1-p) (4)

If primary chains are cross-linked some of the repeat units
are coupled by intermolecular cross-links and some links may
be intramolecular. Let » be the fraction of cross-linked repeat
units and v, v,, and », the fractions of uncross-linked, intra-
molecularly cross-linked, and intermolecularly cross-linked
repeat units, respectively (v = v, + v,). These units are sup-
posed to bear free, ring-forming, and intermolecular func-
tionalities and will also be referred to as wC, ¢C, and aC
functionalities. The degree of polymerization of primary
chains is a function only of p.

Within the spanning-tree model, an wC functionality has
no offspring. The cyclization probability depends on the
number of links between the two reacting functionalities and
we should consider a possible contribution by cross-links
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Figure 2. Mapping of repeat units into the graphlike state. Top: units
on primary chains, with intermolecular cross-link between
chains! and additional intramolecular cross-link® , mapped into
their molecular trees (bottom). The trees are rooted, from left to right:
on a unit with an «C functionality (unreacted), on an aC functionality,
and on a oC functionality. The cross-link (center) on the generation
denoted C is contracted so that generations go and g, (P-type units)
are the zeroth and first generation of the molecular trees.

&

themselves. Since the cross-link is often only one C-C bond
and the cross-links are not numerous in the range of interest
we disregard their contribution. Under such conditions mo-
lecular trees are constructed from units shown in Figure 2; i.e.,
by contracting away the cross-link, two previously two-func-
tional units become a four-functional unit such as the one in
the center.

Branched structures corresponding to cross-linking of
primary chains are thus formally generated only via the P
functionalities of the units in Figure 2. The pgf for the number
of bonds issuing from such a unit in the root can be written
as

Fo(e,!’) = (lesw + Vo'oa)(l =P + p0)2 + Vaoa(]- -p + P0)4
(5)
with ¢ = (8,,9,,9,) referring to C functionalities and the
coefficients of ¥; for 8 = 1 are the fraction »;. The coefficients
of 8¢ (¢ = 1) refer to units with ; offspring in the first genera-

tion. The pgf for the number of bonds issuing from the first
and higher generations is

Fi1(8,9) = (0,0, + 0,0, )0{1 — p + pb) + v,0,(1 — p + ph)?

(6)
The gel point is given by*3
[OF1(6,0)/06)p=1,0=1 = 1 )]
which yields for the critical value of
Vo, = (1= p)/2p = 1/(Py0 - 1) (8)

The post-gel parameters are related to the extinction proba-
bility v given by the lower positive root of the equation**

v=Fiv,1) (9
ie.,
v={(v,+ v, )1 —p+pv)+ .l —p+ pv)d (10)

This equation has a trivial root v = 1 which can be eliminated
and the solution for v{0,1) becomes

v = [~rap(3 = 2p) + (v 2p%(8 — 2p)?
+ 4vep (1 = p)ra(l = p)2+ 1 = 12} /20,02 (11)

A bond issuing to higher generations may be a part of a fi-
nite (v-type bond) or an infinite ((1 — v)-type bond) path. This
occurs with probability v and 1 — v, respectively. The defini-
tion of v given by eq 10 implies that we do not consider cor-
relations between the bonds issuing from a unit in the root.
In that case it is legitimate to replace Fo by G (cf. ref 17 and
18)

Gol8,9) = Fo(v, + (1 = v)81-,,9) (12)
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with
6=1(0,0,-0)

The coefficient of 6,6,/ (9 = 1) is the probability of finding
a unit in the root issuing i v-type and j (1 — v)-type bonds. The
vectorial generating function for the offspring of a unit on
generation 1 is then as follows:

Gl(eu;'}) = {Glu(evyﬁ):(;l,l—u(el—wo)} (13)

where G, refers to a unit on generation 1 linked to a v-type
link from the root and G 1—, to a (1 — v)-type link. Accord-
ingly,

G, (8,9) = G1(6,,0,8)/(G1(1,0,1)) (14)

Gl(l—u)(ayo) = [Gl(eu:ﬁl—u;o) - Gl(ev;oyd)]
/[Gl(l?lyl) - Gl(laoyl)] (15)

The pgf’s 14 and 15 will be useful for the statistics of cycliza-
tion within finite and infinite paths (Appendix A2).

The structural parameters of interest, the sol (w;) and gel
(wg) fractions, the number of EANCs per repeat unit in the
whole system (V) and in the gel (N,), are derived exactly from
Go; thus

ws=Go(1,0,1) = (1 - v )1 =p+pv)2+v,(1 —p+ puv)t
(16)
wg=1— w, (17)
For a network chain to be an EANC at least three independent

paths must issue from each of its ends to infinity.!2 Using the
identity

4 .
Go(L,01-,, 1) =T(01-,) = ‘Zo tif1-0 (18)
the number of EANCs per repeat unit becomes (exactly)
1
Ne=Y 3 it; (19)
i=3

The mulitiplication factor Y4 (instead of Y, cf. ref 12) arises
from the fact that the Fy and G, refer to contracted units
(Figure 2) and each contracted unit with an oC functionality
is composed of two repeat units. The sum in eq 19 can be ex-
pressed in terms of the first and second derivatives T’ and 7"
at 01—, = 1 or 0 (cf. ref 12).

Ne = (Y)(T(1) ~ T(0) - T"()) (20)

and substituting eq &, 12, and 18 into eq 20 one gets
Ne=vp3(1 —0)3[3 —2p(1 = v)] 21)

The number of EANCs per repeat unit in the gel is
N¢ = Nefwg (21)

Determination of »,, v,, and v, from the Kinetic
Control of Cross-Linking

Cross-linking is a kinetically controlled irreversible reaction
and the fractions v, »,, and v, are obtained by solution of the
three respective differential equations. Taking into account
cyclization we will consider four contributions to the change
of v;: (a) intermolecular cross-linking between any two wC
functionalities, (terms A), including those in the gel; (b) cy-
clization with sol (terms B); (c) cyclization within gel (this
latter contribution includes intramolecular reaction in the
loose material attached to the rest of the gel by one bond and
intramolecular reaction within any one EANC; because of the
comparatively small difference between cyclization within a
free chain and within EANCs, especially for long EANCs,
established in Appendix Al, the same Gaussian statistics is
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used for all these steps (terms C)); (d) activation of cycles (a
oC functionality is transformed into an «C functionality if an
wC functionality on the respective cycle reacts intermolecu-
larly with another wC functionality already attached to the
gel; the probability of activation thus depends on the size of
the cycle (terms D); for more details of these latter three
contributions see Appendix A2).

Allowing for all four contributions the set of differential
equations for a change in v; is

~dv,/dkt = A, + B,+ C,+ D, (22)
~dv,/dkt = A, +B,+C,+ D, (23)
—dv,/dkt = A, + B,+ C, + D, (24)

where k is a rate constant and t is time; k¢t can be eliminated
and »; expressed as a function of the total cross-linking den-
sity, ».

Cross-linking is considered a bimolecular reaction in which
two wC functionalities must meet in a reaction volume 6V
around a randomly selected repeat unit. The chance of there
finding an wC functionality is »,6V and that of finding in 6V
another wC functionality not connected with the former via
a sequence of chemical bonds (in the absence of excluded
volume effects) is Cov,2, where Cg is the average concentration
of repeat units in moles per volume. For various types of cy-
clization reactions considered here the chance of finding an
wC functionality belonging to the specified root i is (»,);6V
and the local concentration of wC functionalities in §V sup-
plied by a path or subtree j is (Cyp);; (Co); is determined by the
conformational statistics of the connecting sequence of bonds.
If that sequence is approximated by a statistically equivalent
Gaussian chain then

(Co)j = [(3/2rQL"?)32/N ] exp(xr)=3/2m,; (25)

where @ is the number of main chain atoms in a statistical
segment, L’ is the length per main chain atom, N, is Avoga-
dro’s number, r is the number of main chain atoms per repeat
unit, and m,; is the number of C functionalities x repeat units
distant from the root on the jth path.

The factor

A = (3/[27QL2])32/N 4 (26)

characterizes the intensity of cyclization. The structure of the
differential equations is such that intermolecular terms con-
tain Cy and cyclization terms contain A as multiplicative
factors.

Thus for the intermolecular terms one gets

Aw = Vw2C0 (27)
A, =0 (28)
Ay = —1,2Cy (29)

The relations for B, C, and D terms are derived in Appendix
A2;B,=C,=D,=0.

Discussion

Using the preceding theory we have calculated the changes
in the fraction of intramolecular cross-links

o= v,/(v, + va) (30)

and concentration of EANCs in the whole system and in the
gel for different dilutions. The input parameters have been
chosen corresponding approximately to cross-linking of iso-
prene chains: Cq = 0.0134 mol repeat units cm~3, (QL?)Y/2 =
4.45 X 108 cm (the characteristic ratio for cis-polyisoprene
(ro2)/nL2 =~ 4.7, cf. ref 8), yielding A = 6.22 X 10~3 mol cm™3,
r=4,x9=2,and P,% = 1000 (p = 0.999).
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Figure 3. Fraction of cross-links closing elastically inactive cycles
plotted against reduced cross-linking density (v/vc) — 1: (1) cyclization
only within sol (terms C = D = 0); (2) cyclization within sol and gel
(D terms = 0); (3) as for (2) but including activation of cycles (D
terms); vg = 1 (bulk state); other parameters as in text.

Table I
Effect of Dilution on Critical Conversion Parameters
v 104, ¢ (eq 30)
no rings 5.01 0
1.0 5.88 0.151
0.75 6.18 0.191
0.50 6.78 0.262
0.25 8.56 0.415

The three differential equations were solved by a fourth-
order Kutta-Merson method with automatic error control
exactly as described previously.3%-32 Close to the gel point (i.e.,
as w = unity) sums of the form Z,-1*w*(x)~32 (cf. (A2-4),
(A2-24), and, e.g., (A2-49)) converge very slowly. In this case
we use the series due to Lindelof for evaluating3! the modified
Riemann ¢ function

R(w) = il wi/x32  (=¢(3/2) whenw = 1)

when w =~ 1. The program for the solution of the rate equa-
tions was encoded in Algol-60 for a DEC System-10 computer
using double length arithmetic (word length in single precision
= 27 bits) at the University of Essex Computer Centre.

To trace the effect of cyclization in the sol and gel and of
activation of cycles, the B, C, and D terms have been succes-
sively switched on in the differential eq 22-24. Up to the gel
point only A and B terms are operative so that a single set of
cross-linking densities v, (=v,c + vqo) at the gel point is ob-
tained for different dilutions vg, Cg = 0.0134vg (Table I).

The following conclusions can be extracted from results
obtained on the chosen model systems (cf. Figures 3-6).

(a) The o fraction. (1) The increase in ¢ up to the gel point
is very small which is characteristic for cross-linking of long
primary chains. Ring closing between different chains (mul-
tiple cross-linking) is very weak compared with cyclization
within the same chain because of the small number of inter-
molecular cross-links.

(2) Beyond the gel point the contribution to ¢ due to cycli-
zation in the sol rapidly decreases along with the decrease in
the sol fraction.

(3) After inclusion of cyclization in the gel one observes a
continuous increase in ¢ passing through the gel point with
an inflexion point at the gel point, and a flat maximum beyond
the gel point. Such a shape corresponds to a maximum in
dv,/dv vs. v at the gel point.

(4) The activation of cycles has a comparatively weak effect
on ¢ especially at low »; at »/v. =~ 9 it amounts to ~2% (Figure
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Figure 4. N, is the number of elastically active network chains per
number average primary chain as a function of »: (X) no cyclization;
(@) vo = 1; (O) vo = 0.25; other input parameters as in text.
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Figure 5. As in Figure 4 except N, plotted against ((v/v.) — 1) toil-
lustrate the success of the rescaling.

3), at ten times higher » corresponding to one cross-linked unit
per 15-20 repeat units it lowers v, by ~5%, but would become
more pronounced if we passed to still higher cross-linking
densities. The main reason for the comparatively weak con-
tribution is an abundance of small rings over larger ones so
that the average concentration of wC functionalities (un-
cross-linked segments) belonging to rings is small. However,
the approximation used in calculation of the ring-size distri-
bution in the gel may also be partly responsible. The largest
rings and the broadest distribution was assumed (eq A2-49)
to exist at the gel point (where y = 1). This may not be exact,
although the largest rings are certainly being formed in the
critical region.

(b) Concentration of Elastically Active Network
Chains. If plotted against the total cross-linking density » the
concentrations of EANCs N, or N’ for the ring-free case and
at different dilutions yield different curves (Figure 4). The
relative wastage of cross-links in elastically inactive loops is
of course highest close to the gel point; e.g., at v = 4 X 10731t
amounts to ~20% for the bulk rubber and ~60% for the 25%
solution, results which agree well with those calculated from
the equilibrium approach.2® However, if we replot N, or N’
as a function of (v/v;) — 1 (Figure 5) we get almost coinciding
curves with a difference for the two extremes »/v. ~ 10 not
higher than 5%. At higher cross-linking densities the differ-
ences become progressively larger (about 6% for the bulk
rubber and 25% for vy = 0.25) when (v/v;) — 1 =~ 60, but so
densely cross-linked rubbers are rarely met in practice.
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Figure 6. N. (@) for the whole system and N¢’ (O) for the gel as a
function of log (wg/(1 — w,)), where wy is the gel fraction.

Even better independence of the cyclization extent is ob-
tained if N or N are plotted against the gel fraction. Even
at wy ~ 0.9 the difference corresponding to the two extremes
does not exceed 0.2%. Figure 6 shows single generalized plots
for all cases studied. Close to the gel point N, is proportional
to ((v/ve) = 1)3 or wg® and N¢' to ((v/ve) — 1)2 or wg?,

The success of the rescaling procedure is very important for
testing of the theories of rubber elasticity and for the sepa-
ration of the effect of intermolecular interactions (entangle-
ments) on the equilibrium modulus, Considerations about the
amount of cyclization can be almost fully eliminated except
for the single piece of information supplied by the shift of the
gel point over the theoretical value. Such invariance was found
also for systems obtained by stepwise alternating polyaddi-
tion.45
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Appendix Al

Cyclization Within an Elastically Active Network
Chain. It can be expected that the probability of forming an
intramolecular cross-link between the ath and bth segment
of a polymer chain of n segments will depend on the positional
freedom of the chain ends. For a free chain (with no con-
straints imposed on its ends) obeying Gaussian statistics the
well-known —3, power law38 is valid; i.e., the probability of
closing a loop of |b — a| segments is proportional to |b ~
a|~3/2. Let us consider the situation if the positional freedom
of chain ends differs from that for a free chain.

James and Guth*47 showed that the distribution of
chain-end separation around the most probable value in a
perfect network of Gaussian chains is also Gaussian and gave
arguments that the positional freedom of cross-links (junc-
tions) does not differ much from that of a segment in the
network. We will explore the extremal situations when the
cross-links are fixed in their most probable positions and when
their positional freedom corresponds to that of ends of a free
chain. The reality is expected between these two extremes.

First consider a network chain of n segments in three di-
mensions whose end segments are parts of elastically active
cross-links and have coordinates x; (x1,y1,21) and X4 (x4,y4,24),
respectively. Let the bond between the pth and (p + 1)th
segment be located at ¥ and that between the (p + ¢)th and
(p + ¢ + 1)th segment be located at x3 (Figure 7).

For Gaussian chains the number of possible arrangements
for state I relative to those bonds at x5 and X3 are positionally
constrained by the chain connectivity only,
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Figure 7. Ring closure in a chain.

W(npa®) = Wnpas) / f f_ " Wn,p,q.5;) diz d¥s
(A1-1)

where
W'(n,p,q,%:) = ApBAg°A,2 exp[—B,%(X1 — ¥2)?

— B %Xy — ¥3)2 — B,X(X3 — %4)?] (Al-2)
where Ay = By/7V2 and By, = 3/2kL? and k is the number of
segments and L is the length of a segment. The integral in eq

Al-1 corresponds to the number of conformations of a chain
of n segments, viz.,

Ans exp[—BnZ(gz + 7)2 + ;2)]

whose mean-square end-to-end separation distance is given
by

(A1-3)

2= (x1-x9% n2=(1—yd? 2= (21—24°

Let us consider the reduction in the number of possible
rearrangements if a g-membered loop is formed (state IT). This
corresponds to xo = X3 = X substituting this condition into
eq Al-1 and integrating over dX we get the probability of
cyclization

Pn,q) = (AqAn—q/An)3

X exp["(Bn—q2 - an)(£2 + 772 + {2)] (A1‘4)
or using the definition of A; and B,
Pc(n,q) = A¥¥n/[q(n — g)]P??

X exp({-Aq/[n(n — @)}(E2 + % + () (Al-5)

with A = 3/2L2,

It is seen (as is intuitively obvious) that the chance for cy-
clization does not depend on the position of the ring along the
chain and depends only on its size g and length of the chain
n.

Assuming along with James and Guth that the distribution
of chain ends extension is Gaussian around the most probable
position (£o,m0,{0) and given by

Wg = Ag? expl—Bg2[(§ — £0)2 + (n — no)? + (§ = {0)?)

(A1-6)
the cyclization probability becomes

Py = f f {7 PinaWedsdnds (AL7)

The result of integration is
P.g(n,g) = (AqAn—qAE/An)B(W/(Bn—q2 —B,2+ BE2))3/2
X exp{[Bg4/(Bn—q% — B2 + Bg?) — Bp?| (&% + no® + (o2}
(A1-8)
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Figure 8. Relative cyclization probability ¢ plotted against chain-
length n: (1) free chain; (2) chain with fixed end points; (3) chain with
Gaussian distribution of end point distances around the most prob-
able distance.

or using a reduced length of the cycle @ = ¢g/n
P.g(n,g) = \32(QS)~%2 exp|—(AQ/S) (&® + n0? + £0?))
(A1-9)
where
S=QE+(1-@Q)n

For a free chain whose ends are not constrained by cross-links
E=nand § =no = {o =0, eq A1-9 correctly gives

Pc(q) = )\S/Zq—3/2 (Al-lO)

For fixed chain ends with separation £2 + 702 + {2 = nL2and
E = 0 (6-function separation Wg)

P.(n,q) = A32[q(1 — Q)]~32 exp{—3Q/2(1 — Q)}

For chain-end extension distribution around the mean dis-
tance &2 + 102 + {02 = nL? and with E = n as for a free
chain

(A1-11)

P.(n,q) = \32q—32 exp{—3Q/2} (A1-12)

It can be seen that P.(n,q) approaches the situation in a free
chain when @ goes to zero, i.e., when n is high enough. In long
network chains the probability of ring closure is therefore not
sensitive to the constraints imposed on chain ends.

The Mean Cyclization Probability P.. On an n-mem-
bered chain, loops may be formed of different lengths con-
necting different segments. If we consider all possible cou-
plings along the chain (cf. ref 3 and 31) we get

— n=2
P n)=[2/(n-1)] ¥ (n—q-—1)P.nq) (A1-13)
a=q0
where qg is the number of segments in the smallest possible
ring. Figure 8 illustrates the change in the reduced mean cy-
clization probability .

¥ = Po(n)/Pe(=)

where P (=) corresponds to an infinite chain; ¢o = 5 has been
chosen. It is seen that the chance for cyclization is the highest
in a free chain. If the positional freedom allowed for cross-links
is equal to that of ends of a free chain the chance for cycliza-
tion falls: for short chains (n = 10) it is lower by a factor of ~2
while for n = 100 it is lower only by ~25%. The condition of

(A1-14)

Macromolecules

S
sequence \

Figure 9. To illustrate the different S-type cyclization terms: ¥ finite
path; (1) infinite path; () finite or infinite path; (O) ¢ functional-
ity.

fixed cross-links yields an intermediate curve so that the real
situation is expected between curves 3 and 2.

It is worth mentioning that a replacement of the summation
in eq A1-13 by integration within limits g0 —%, and n — 2 +1
gives a good agreement with direct summation (the error was
about 3% for n = 10 and <1% for n = 100). The integration of
(A1-13) with P.(n,q) (eq A1-11) is trivial and with P.(n,q) (eq
A1-12) it yields

P.(n) = N¥2[2/(n — D}{z172(n = [T (=%, 2(go — %))
=T (=%,3(1 = 2)/2)] = 27Y2[T (Yo,z(go — %))
=T (%,3(1 = 2)/2)]} (Al-15)

where 2 = 3/2n and ['(k,!} is the incomplete T function.

Appendix A2

Evaluation of Cyclization Terms and Cycle-Activation
Terms in the Rate Equations 27-29. (1) Cyclization in the
Sol. The terms in the rate equations to be evaluated are the
nine denoted B, C, D with subscripts w, o, « in eq 22-24 (for
the A terms see eq 27-29). Of these the B terms concern cy-
clization rates within the sol (see Figure 9). By definition

B,=0 (A2-1)

and because each cycle formed in the sol consumes one pair
of free functionalities

(A2-2)

It remains to find B,. We see from eq 23 that B, should be
the product of two {normalized) concentrations times a re-
ciprocal volume term for dimensional consistency. The two
concentrations represent (a) the fraction

[02G¢(6,,0,9)/(d6, 39 )]g,=1,6=1

= 2y,pv(l —p + pv) (AZ2-3)

of units which are in the sol and bear a free functionality,
where Gy is given by (12) and (b) the mean number S, of re-
action partners available for the units just described under
(a). When the latter are placed on generation zero of a family
tree, the reaction partners counted by S, lie on the generations
above generation zero. Then22-24

Sy = G 3 (Grp?)e=1xr)=32

X=x0

(xo>0) (A2-4)

where

G1,° = [0G1,/08,]5,=1.9=1

= p[Vw + v, + 3Va(1 -p+ pU)Z] (A2'5)
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and
G1® = [0G1,/00,)8,=1,8=1 = v,(1 — p + pv)/v

(A2-6)
with G, given according to (14) by
Glu(oy") = (”wdw + Va0u)
X (1=p+plvd, + (1 -0v)b1-,))
+v,0,(1 ~p+pld, + (1 —v)-,])2 (A2-7)

The summation in (A2-4) is over all the generations and im-
plements?2-24 the weightings appropriate for the chance of
collision between the two ends of a Gaussian subchain to close
aring of size (xr) bonds (comprising x units of r bonds each);
the chance of such a collision being effective is proportional
to the reciprocal volume

A = (3/(2rQL2))%/2/N 4 (26)
Hence using eq A2-3, A2-4, and 26, B, is given by

B, = —2Au,(1 = p + pv)pvG1,® 3 (G, 0)*=1(xr) =32
xX=x0
(A2-8)

(2) Cyclization in the Gel. Units in the gel must have at
least one path to infinity, The various types of such units in
the root are generated by the difference

GOg = Gol8,,01-0,9) — Go(8,,0,0) (A2-9)

(The above generating function is not normalized as the sum
of sol plus gel species is defined to be unity.) Again by defi-
nition

Co=0 (A2-10)
and
C,=-C, (A2-11)
The term C, is the sum of two terms
Co=(Co)y + (Coliyp (A2-12)

Here (C,), is the rate of cyclization between a unit on a finite
subtree chosen as the root at random and a unit on the same
finite subtree on a higher generation; this is cyclization within
loose material attached to the gel whereas (C,);~, is the rate
of cyclization in the remainder of the gel. (C,), may be written
down in a similar manner to cyclization in the sol (previous
section)

(Culy = —=(Cy)y = AM,S, (A2-13)

where M, is the fraction of units in the system which are in the
gel, bear a free functionality, and are on a finite subtree and
is given by eq A2-14, A and S, are given by eq 26 and A2-5,
respectively, and

M, = [02G,/08,00,)p=1,0=1 = 2v.p2 (1 — 1)

(A2-14)
Similarly
—(Co1~0 = AM;1-,S:1-, (A2-15)
with
Mi_, = [02Go,/001-,09 ]g=1,0=1 = 2v,p(1 — V)
(A2-16)

AS;_, is the local concentration of unreacted C functionalities
supplied by sequences of (a) units along a single path to in-
finity starting from a chosen root unit (such sequences will be
denoted by S sequences) and (b) units on a finite subtree
rooted on a unit belonging to an S sequence.
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S1—p = S1op* + Sy ** (A2-17)

AS;_,* is the concentration of reaction partners within the
S sequence whereas AS;—,** is the corresponding concen-
tration of reaction partners on a finite subtree rooted on an
S sequence (see Figure 9). In order to calculate these respec-
tive terms we thus have to find the probability that a partic-
ular S sequence should have length x, i.e., that the first
junction point from which two or more paths issue to infinity
lies at distance x units along the path from the root. This
probability we denote p,. (The S sequence always terminates
at an active junction point when the single path to infinity
filters into two or more such paths; the chance of an S se-
quence terminating at the surface of the particle can be ne-
glected.) The respective contributions from «C functionalities
directly attached to the S sequence and residing on finite
subtrees rooted on the S sequence are derived from the pgf
G1(1-v) (eq 15). For the required units, issuing one and only
one (1-v)-type bond, we may write for them the pgf 7(8,9)

16,9)=6,_, <0G1(1—u)> /<OGm~u)>
01—, /o1-y=0 001—, /8,=1,61-,=0,8=1

= [(h¥o + vo¥y + 3aP)(1 — p + pvy)2fi-p/u  (A2-18)

where
u=vy+ v, + 3u,(1l —p+ pv)? (A2-19)

The number of »C functionalities per unit of the S sequence
I« is then

I© = (0I(8,8)/09,)9=1,9=1 = vu/ti {A2-20)
and of issuing v-type bonds I?
10 = (3I(8,9)/08,)p=1,9=1 = 6va(1 — p + pv)/u (A2-21)

The local concentration of wC functionalities supplied by units
of the S sequence is then

Sie* =19 3 p,(rx)=32 (A2-22)

x=x0
Considering cyclization with wC functionalities on attached
finite subtrees we note that then the ring cannot be smaller
than 2r. First we consider the case x( < 2. Considering units
in the first generation, the contribution of C functionalities
supplied by the issuing subtrees is proportional to

i (G1,2)=1(z + 1)r]-32
z=1

from a unit on the second generation to

@

> (G1,0)* 1z + 2)r] =372, etc.

z=1

so that the contribution from all possible finite subtrees at-
tached to the S sequence is given by

S1op** = ['G1,® 3. p, 3 (Gro?)*~1[(z + x)r] =52
x=1 z=1

(A2-23)

If xo < 3 some of the free functionalities close to the root be-
come inactive in cyclization and then

S1- = IG1e |  pe T (61,0751 05
x=1

Z2=X0
+ % pe X (G (e + x)r]=92
xX=x0 z=1
(G1,? and Gy, « are given by eq A2-5 and A2-6.)
The probability p, is derived from the pgf Gi11—,) eq 15
which is written now in the equivalent form as a sum.

(A2-24)
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Gia-n@1) = ¥ |

i=0j=

) pij0,i01-7 (A2-25)
The fraction of units in the first generation with only a
single path to infinity (only one (1 — v)-type bond) is given
by
= pu/TTp;=pu (A2-26)
i
and for the second and higher generations (for g > 1 each p;;
unit issues j (1 — v) bonds) we have
Tpu [ STipy= w142y =y (A220)
i [
Since we have to consider the probability of x — 1 such suc-
cessive events we have

Pz = puy*~! (A2-28)

Substituting from eq 8, A2-19, and A2-27 we see that at the
gel point (v = 1) p, = 1 for all , as it should be.

The form of the distribution p, (eq A2-28) as a geometric
series (“Flory distribution”) renders it invariant to short
circuiting by pendant cycles (Figure 1b), so that the apparent
omission of this complication from our derivation is justified.
This invariance to short circuiting arises from the spanning-
tree approximation (we have in fact only ring forming func-
tionalities in trees, not cycles); i.e., the p, distribution holds
asymptotically in the limit of zero cyclization.

(3) Activation of Cycles. For a network chain to be active,
according to the Case~Scanlan definition there must be at
least three independent paths to infinity from each of the two
junction points at the extremities of the EANC (see Figure 1).
By way of refinement, when an unreacted C functionality on
aring in the gel reacts with another unreacted C functionality
in the gel, the ring is assumed to be converted into (at most)
two EANCs. We refer to this as a step which activates the cycle
and our model takes this into account by transferring pairs
of functionalities previously classified as ¢ ring-closing
functionalities into the category of « functionalities. Such a
pair of a functionalities will contribute at most a pair of
EANCs, and N, (the number of EANCs per repeat unit) will
be increased, because of the dependence of N, upon v,, the
conversion parameter (eq 11 and 21).

The D;, cycle activation terms, are given by

D, =0 (A2-29)
D,=Col',T R (A2-30)
D,=D, (A2-31)

Here the fraction I, of ¢C functionalities on units in the gel
is obtained in the usual way from the pgf Go (eq 12) and is
equal to

(0Go/3V )g=1,8=1 = (3G /00 4)g,=1,61-,=0,8=1

= Fa = Vcr(l - (1 =D + PU)2) (A2'32)

I', is the fraction of wC functionalities per unit in the gel and
R is the average number of functionalities per ring in the gel.
T, is obtained in the same way as in eq A2-32

Io=v,(1=(1—-p+pv)? (A2-33)

The average number of wC functionalities per cycle, R, is
a sum of products of (a) the number of repeat units of the ring
able to carry an wC functionality (ring units), x — 1, (b) the
number fraction of rings in the gel of size x,n.4(x), (c) the
number of wC functionalities per ring unit, Z, over all possible
ring sizes x:

R=% (x— Dn,(x)Z (A2-34)

X

Macromolecules

In calculating Z let us recollect that (a) ¢C functionalities
must have their partners on units being parts of finite or in-
finite paths and (b) from each of the x — 1 ring units at least
two P bonds must issue and either one or both have to be (1
— v)-type bonds. We now construct the pgf for the number of
C functionalities and issuing v-type bonds from ring units,
C(8,,9) satisfying the above conditions. For that purpose the
pgf Go (eq 12) is rewritten in the form

Go89) = = T kij(9)8,'601-,7 (A2-35)

i{=0,7=0
and the relevant terms (with 6;—, = 1) are k;10,%/6, and k;26,°
(the first corresponds to finding the partner of a ¢C func-
tionality on a finite subtree and the other on an infinite
path):

C(,,9) = Z (kilovi_l + ki2aui)/-/v

G G2
B,_, aal—u f1—v=0 Oﬁl_u 91-=08,=0

5 () /4 @290

where W is the normalizer.
The number of wC functionalities, U,, per ring unit is

Uw = (OC(O,t’)/bt?w)a=1,.;=1 = Vw(l - U)p2(1 + U)/N

(A2-37)
and the number of issuing v-type bonds
U, = (0C(8,9)/36,)9=1,0=1
= 03 (l — v){4v(3(1 — p) + 2pv)
+12(1 = v)(1 — p+ pu)I/N (A2-38)
with
N=p2(1l-v)i21 —»)
+ 4v4[3(1 = p)2 + 3(1 = p)pv + p2]}
+ (1 -v)2p2{1 — v, + 6v,(1 —p + pv)} (A2-39)

Each finite subtree issuing from a ring unit contributes to the
number of wC functionalities by

Gre® T (Gut! = G1u®/(1 = Gu,?)

=v,(Il = p+pv)/v(l -—pu) (A2-40)
Using eq A2-37 and A2-40, R in eq A2-34 is obtained:

R={Uy,+ UGrp®/(1 = GpY)] T (x = Dngglx)
(A2-41)

In order to calculate the approximate ring-size distribution
in the gel, n,g(x), we use a perturbation method. For weak
cyclization n,(x) is obtained at the gel point directly from the
differential eq 23 and 24 with v = 1 using eq 29 and A2-3

dve(x)/dv, = 2(A/co)p(p + 2wap)*~Hrx)=3/2 (A2-42)

where v,(x) is the number fraction of ¢C functionalities be-
longing to x -membered rings. Substituting Z = p + 2pv, and
integrating one obtains the value of v,(x) at the gel point

boolt) = [(A/Co)(xr)=32/prd] L :,, Z5-1 dZ (A2-43)

which yields the number fraction distribution of ring sizes at
the gel point

x—5/2(1 - px)

Nge(x) = (A2-44)

T x-52(1 - p%)

X=x0
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This distribution reduces to that obtained by Gordon and
Scantlebury for the nonrandom equilibrium polycondensation
of a trifunctional monomer,22 when p = 0.

Beyond the gel point elastically inactive rings must not
contain elastically active units with three independent paths
to infinity. Their number increases, however, with increasing
cross-linking density, which means that newly formed inactive
rings are smaller and the activation process selectively acti-
vates larger rings (cf. eq A2-34). We assume that (1) the size
of such rings decreases beyond the gel point and (2) the size
distribution in the gel close to the gel point is the same as in
the sol. Both assumptions may make the distribution fall
sharper with increasing x than in reality and somewhat un-
derestimate the activation process.

In the gel, rings have been formed by reaction of wC func-
tionalities in the root with those on issuing finite and infinite
paths. The fraction of such issuing paths, £, and &, re-
spectively, (&, + £;1-, = 1) is easily obtained from the pgf G
(eq 17).

& =v/(1+v), fi—o=1/(1 +v) (A2-45)

To find an x-membered ring, an x-1 membered sequence
should be terminated by a unit bearing a ¢C functionality. The
probability of finding such a terminating unit on a finite
subtree is

G1,78 (3G 1,/09)e=1,9=1 = v,(1 = p + pv)/v
and on an infinite sequence
G1°(1 —v) = (G 1(1 — v)/0Y,)e=1,9=1 = voP

Considering a finite subtree the probability of finding an x-
membered ring is proportional to G1,°(G1,Y)*~1 and the same
probability rescaled to the corresponding probability at the
gel point, P, is then

Py = (v/v,0)y*~ 11 — p+ pv)/v

For a ring closed within a sequence with infinite continuation
to be elastically inactive, the sequence must be effectively
unbranched with a single continuation to infinity (cf. S se-
quence defined in section A2(2)). The probability of existence
of such a ring is therefore proportional to G1°(1-,)y*~! and
if this probability is taken relative to that at the gel point,
p 1-us then

(A2-46)

Py = (vo/vec)y* ! (A2-47)

Therefore the ring-size distribution in the gel beyond the gel
point is given by

n’UE(x) = nUC(x)(stU + sl—upl—u)/-/v/

where N’ is a normalizer.
Since both P, and P;_, are proportional to y*~!

(A2-48)

i x—5/2(1 _px)yx—l

x=x9

Nog(x) = x =521 — p*)y*-1
(A2-49)

and the sum appearing in eq A2-41 is

i (x = Dngglx) = f‘, (x — 1)x~52(1 - px)y"_l/

x=x0 x=x0

T x~52(1 - pr)y==1 (A2-50)

x=xg
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For xo = 1 the first term is zero, because the smallest ring does
not bear any unreacted «wC functionality.

Substituting from eq A2-30, A2-32, A2-39, A2-41, and A2-50
we then have our final result for D,

D, = Covoro[l — (1 — p + pv)22[U, + U,G1,4/(1 = G1,¥)]

T (x=Dx=32(1 - po)y==1 [ T 1921 - pr)ys-

x=x0 x=x0

(A2-51)

with U,, Uy, (G1,%/1 — G1,?), and y given by (A2-37), (A2-
38), (A2-40), and (A2-27), respectively.
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